Recurrence formulas with gaps for Bernoulli and Euler polynomials by Sun, Zhi-Hong
ar
X
iv
:1
40
3.
04
35
v1
  [
ma
th.
NT
]  
3 M
ar 
20
14
RECURRENCE FORMULAS WITH GAPS FOR
BERNOULLI AND EULER POLYNOMIALS
ZHI-Hong Sun
School of Mathematical Sciences, Huaiyin Normal University,
Huaian, Jiangsu 223001, PR China
E-mail: zhihongsun@yahoo.com
Homepage: http://www.hytc.edu.cn/xsjl/szh
Abstract. Let {Bn}, {Bn(x)} and {En(x)} be the Bernoulli numbers, Bernoulli
polynomials and Euler polynomials, respectively. In this paper we mainly estab-
lish formulas for
∑
6|k−3
(
n
k
)
Bn−k(x),
∑
6|k
(
n
k
)
En−k(x) and
∑
6|k−3
(
n
k
)
mkBn−k
in the cases m = 2, 3, 4.
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1. Introduction.
The Bernoulli numbers {Bn} and Bernoulli polynomials {Bn(x)} are defined
by
B0 = 1,
n−1∑
k=0
(
n
k
)
Bk = 0 (n ≥ 2) and Bn(x) =
n∑
k=0
(
n
k
)
Bkx
n−k (n ≥ 0).
The Euler numbers {En} and Euler polynomials {En(x)} are defined by
(1.1)
2et
e2t + 1
=
∞∑
n=0
En
tn
n!
(|t| < pi
2
) and
2ext
et + 1
=
∞∑
n=0
En(x)
tn
n!
(|t| < pi),
which are equivalent to (see [MOS])
E0 = 1, E2n−1 = 0,
n∑
r=0
(
2n
2r
)
E2r = 0 (n ≥ 1)
and
(1.2) En(x) +
n∑
r=0
(
n
r
)
Er(x) = 2x
n (n ≥ 0).
The first few Bernoulli and Euler numbers are shown below:
B0 = 1, B1 = −1
2
, B2 =
1
6
, B4 = − 1
30
, B6 =
1
42
, B8 = − 1
30
, B10 =
5
66
,
E0 = 1, E2 = −1, E4 = 5, E6 = −61, E8 = 1385, E10 = −50521.
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It is well known that ([MOS])
(1.3)
En(x) =
1
2n
n∑
r=0
(
n
r
)
(2x− 1)n−rEr
=
2
n+ 1
(
Bn+1(x)− 2n+1Bn+1
(x
2
))
=
2n+1
n+ 1
(
Bn+1
(x+ 1
2
)
−Bn+1
(x
2
))
.
In particular,
(1.4) En = 2
nEn
(1
2
)
and En(0) =
2(1− 2n+1)Bn+1
n+ 1
.
In his first paper Ramanujan [R] found some recurrence formulas with gaps
for Bernoulli numbers. In particular, he showed that for n = 3, 5, 7, . . . ,
(1.5)
n∑
k=0
6|k−3
(
n
k
)
Bn−k =
{ −n6 if n ≡ 1 (mod 6),
n
3
if n ≡ 3, 5 (mod 6).
Some generalizations of (1.5) were given by M. Chellali [C] in 1988. However,
the proofs of (1.5) given by Ramanujan and Chellali are somewhat complicated.
Let ω = (−1+√−3)/2. In this paper, we prove the following generalization of
(1.5) for Bernoulli polynomials in a very simple manner:
n∑
k=0
6|k−3
(
n
k
)
Bn−k(x) =
n
6
(
xn−1 + (x− 1)n−1 − (x+ ω)n−1 − (x+ ω2)n−1).
As consequences we give explicit formulas for
n∑
k=0
6|k−3
(
n
k
)
mkBn−k in the cases
m = 2, 3, 4.
Let N be the set of positive integers, and let [x] be the greatest integer not
exceeding x. In [L] Lehmer showed that for n = 2, 4, 6, . . . ,
(1.6) 4En = 2
(
1 + (−3)n2 )− 3 [n/6]∑
k=1
(
n
6k
)
26kEn−6k.
In this paper we prove that for n ∈ N,
4En(x) + 3
[n/6]∑
k=1
(
n
6k
)
En−6k(x) = x
n + (x− 1)n + (x+ ω)n + (x+ ω2)n.
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2. Recurrence formulas with gaps for Bernoulli polynomials.
For two numbers b and c, let {Un(b, c)} and {Vn(b, c)} be the Lucas sequences
given by
U0(b, c) = 0, U1(b, c) = 1, Un+1(b, c) = bUn(b, c)− cUn−1(b, c) (n ≥ 1)
and
V0(b, c) = 2, V1(b, c) = b, Vn+1(b, c) = bVn(b, c)− cVn−1(b, c) (n ≥ 1).
It is well known that (see [W]) for b2 − 4c 6= 0,
Un(b, c) =
1√
b2 − 4c
{(b+√b2 − 4c
2
)n
−
(b−√b2 − 4c
2
)n}
and
Vn(b, c) =
(b+√b2 − 4c
2
)n
+
(b−√b2 − 4c
2
)n
.
Lemma 2.1. For n ∈ N we have
n−1∑
k=0
(
n
k
)
Bk(x)((1 + z)
n−k − zn−k) = n(x+ z)n−1.
Proof. It is known that (see [MOS])
(2.1)
n∑
k=0
(
n
k
)
Bk(x)y
n−k = Bn(x+ y) and Bn(t+ 1)−Bn(t) = ntn−1.
Thus,
n−1∑
k=0
(
n
k
)
Bk(x)((1 + z)
n−k − zn−k)
=
n∑
k=0
(
n
k
)
Bk(x)(1 + z)
n−k −Bn(x)−
n∑
k=0
(
n
k
)
Bk(x)z
n−k +Bn(x)
= Bn(x+ z + 1)−Bn(x+ z) = n(x+ z)n−1.
This proves the lemma.
Theorem 2.1. For n ∈ N we have
n∑
k=0
6|k−3
(
n
k
)
Bn−k(x) =
n
6
(
xn−1 + (x− 1)n−1 − (x+ ω)n−1 − (x+ ω2)n−1).
3
Proof. As 1 + ω + ω2 = 0 and ω3 = 1, using Lemma 2.1 we see that
− 4
n∑
k=0
n−k≡3 (mod 6)
(
n
k
)
Bk(x) + 2
n∑
k=0
n−k≡±1 (mod 6)
(
n
k
)
Bk(x)
=
n−1∑
k=0
(
n
k
)
Bk(x)((−1)n−k − 1)(ωn−k + ω2(n−k))
=
n−1∑
k=0
(
n
k
)
Bk(x)((−ω2)n−k − ωn−k + (−ω)n−k − ω2(n−k))
=
n−1∑
k=0
(
n
k
)
Bk(x)((1 + ω)
n−k − ωn−k + (1 + ω2)n−k − ω2(n−k)))
= n(x+ ω)n−1 + n(x+ ω2)n−1.
That is,
−6
n∑
k=0
6|n−k−3
(
n
k
)
Bk(x) + 2
n∑
k=0
2∤n−k
(
n
k
)
Bk(x) = n(x+ ω)
n−1 + n(x+ ω2)n−1.
From Lemma 2.1 we have
(2.2)
n−1∑
k=0
(
n
k
)
Bk(x) = nx
n−1 and
n−1∑
k=0
(
n
k
)
Bk(x)(−1)n−k+1 = n(x− 1)n−1.
Thus,
2
n∑
k=0
2∤n−k
(
n
k
)
Bk(x) =
n−1∑
k=0
(
n
k
)
Bk(x)(1− (−1)n−k) = nxn−1 + n(x− 1)n−1.
Hence
6
n∑
k=0
6|k−3
(
n
k
)
Bn−k(x) = 6
n∑
r=0
6|n−r−3
(
n
r
)
Br(x)
= nxn−1 + n(x− 1)n−1 − n(x+ ω)n−1 − n(x+ ω2)n−1.
This completes the proof.
AsBn(0) = Bn, taking x = 0 in Theorem 2.1 we obtain Ramanujan’s identity
(1.5).
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Theorem 2.2. For m ∈ N and n = 3, 5, 7, . . . we have
n∑
k=0
6|k−3
(
n
k
)
mkBn−k
=
n
3
{m−1∑
r=1
rn−1 −
[m−1
2
]∑
r=1
(
(r +mω)n−1 + (r +mω2)n−1
)
+ δ(m,n)
}
,
where
δ(m,n) =


−12mn−1 if 2 ∤ m and 3 | n− 1,
mn−1 if 2 ∤ m and 3 ∤ n− 1,
−1
2
mn−1 − (−3)n−12 (m
2
)n−1 if 2 | m and 3 | n− 1,
mn−1 − (−3)n−12 (m2 )n−1 if 2 | m and 3 ∤ n− 1.
Proof. From Theorem 2.1 we have
n∑
k=0
6|k−3
(
n
k
)m−1∑
r=0
Bn−k
( r
m
)
=
n
6
m−1∑
r=0
{( r
m
)n−1
+
(r −m
m
)n−1
−
(r +mω
m
)n−1
−
(r +mω2
m
)n−1}
.
By Raabe’s theorem (see [MOS]),
∑m−1
r=0 Bn−k(
r
m
) = m1−(n−k)Bn−k. Thus,
n∑
k=0
6|k−3
(
n
k
)
mkBn−k
=
n
6
m−1∑
r=0
{
rn−1 + (m− r)n−1 − (r +mω)n−1 − (r +mω2)n−1
}
=
n
6
{
2
m−1∑
r=1
rn−1 +mn−1 −mn−1(ωn−1 + ω2(n−1))
−
m−1∑
r=1
((r +mω)n−1 + (r +mω2)n−1)
}
.
As 2 | n− 1 and 1 + ω + ω2 = 0, we see that
(m− r +mω)n−1 + (m− r +mω2)n−1 = (r +mω)n−1 + (r +mω2)n−1.
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Hence
n∑
k=0
6|k−3
(
n
k
)
mkBn−k
=
n
6
{
mn−1(1− ωn−1 − ω2(n−1))− (1 + (−1)m)
(m
2
)n−1
(−3)n−12
+ 2
m−1∑
r=1
rn−1 − 2
[(m−1)/2]∑
r=1
(
(r +mω)n−1 + (r +mω2)n−1
)}
.
This yields the result.
Putting m = 2 in Theorem 2.2 we deduce the following result.
Corollary 2.1. For n = 3, 5, 7, . . . we have
n∑
k=0
6|k−3
(
n
k
)
2kBn−k =
{
n
3
(1− 2n−2 − (−3)n−12 ) if n ≡ 1 (mod 6),
n
3 (1 + 2
n−1 − (−3)n−12 ) if n ≡ 3, 5 (mod 6).
Corollary 2.2. For n = 3, 5, 7, . . . we have
n∑
k=0
6|k−3
(
n
k
)
3kBn−k =
{
n
3
(
1 + 2n−1 − 3n−12 − Vn−1(1, 7)
)
if 6 | n− 1,
n
3
(
1 + 2n−1 + 3n−1 − Vn−1(1, 7)
)
if 6 ∤ n− 1.
Proof. Observe that
Vn−1(1, 7) =
(1 +√12 − 4 · 7
2
)n−1
+
(1−√12 − 4 · 7
2
)n−1
=
(1 + 3√−3
2
)n−1
+
(1− 3√−3
2
)n−1
= (1 + 3ω)n−1 + (1 + 3ω2)n−1.
Taking m = 3 in Theorem 2.2 we deduce the result.
Corollary 2.3. For n = 3, 5, 7, . . . we have
n∑
k=0
6|k−3
(
n
k
)
4kBn−k
=
{
n
3
(
1 + 2n−1 + 3n−1 − 22n−3 − (−12)n−12 − Vn−1(2, 13)
)
if 6 | n− 1,
n
3
(
1 + 2n−1 + 3n−1 + 4n−1 − (−12)n−12 − Vn−1(2, 13)
)
if 6 ∤ n− 1.
Proof. Note that
Vn−1(2, 13) =
(2 +√22 − 4 · 13
2
)n−1
+
(2−√22 − 4 · 13
2
)n−1
= (1 + 2
√−3)n−1 + (1− 2√−3)n−1
= (1 + 4ω)n−1 + (1 + 4ω2)n−1.
Taking m = 4 in Theorem 2.2 we deduce the result.
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Theorem 2.3. For n ∈ N we have
n∑
k=0
4|k−2
(
n
k
)
Bn−k(x)(−1)
k−2
4 2n+1−
k
2 = ni
(
(2x− 1− i)n−1 − (2x− 1 + i)n−1).
Proof. Using Lemma 2.1 we see that
4
n−1∑
k=0
4|n−k−2
(
n
k
)
Bk(x)
( i
2
)n−k
2
=
n−1∑
k=0
2|n−k
(
n
k
)
Bk(x) · 2
(( i
2
)n−k
2 −
(
− i
2
)n−k
2
)
=
n−1∑
k=0
(
n
k
)
Bk(x)(1 + (−1)n−k)
((1 + i
2
)n−k
−
( i− 1
2
)n−k)
=
n−1∑
k=0
(
n
k
)
Bk(x)
((1 + i
2
)n−k
−
( i− 1
2
)n−k
−
(1− i
2
)n−k
+
(−i− 1
2
)n−k)
= n
(
x+
i− 1
2
)n−1
− n
(
x+
−i− 1
2
)n−1
.
Thus,
n∑
k=0
4|k−2
(
n
k
)
Bn−k(x)(−1)
k−2
4 2−
k−2
2
=
n∑
k=0
4|k−2
(
n
k
)
Bn−k(x)
( i
2
) k−2
2
=
n∑
r=0
4|n−r−2
(
n
r
)
Br(x)
( i
2
)n−r
2
−1
=
n
2i
· (2x− 1 + i)
n−1 − (2x− 1− i)n−1
2n−1
.
This yields the result.
Theorem 2.4. Let m ∈ N and n ∈ {2, 4, 6, . . .}. Then
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n− k2 mkBn−k
=
n
2
{
mn−1
(
(−1)[n−24 ]2n2 − (1 + (−1)m)(−1)n2
)
+ 2i
[m−1
2
]∑
r=1
(
(2r −m−mi)n−1 − (2r −m+mi)n−1
)}
.
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Proof. By Raabe’s theorem,
∑m−1
r=0 Bn−k
(
r
m
)
= mk−(n−1)Bn−k. Thus, using
Theorem 2.3 we see that
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n− k2 mkBn−k
=
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n− k2mn−1
m−1∑
r=0
Bn−k
( r
m
)
=
n
2
i
m−1∑
r=0
{
(2r −m−mi)n−1 − (2r −m+mi)n−1
}
=
n
2
i
{
(−m−mi)n−1 − (−m+mi)n−1
+
m−1∑
r=1
(
(2r −m−mi)n−1 − (2r −m+mi)n−1)}
=
n
2
i
{
(−m−mi)n−1 − (−m+mi)n−1 − (1 + (−1)m)(mi)n−1
+ 2
[m−1
2
]∑
r=1
(
(2r −m−mi)n−1 − (2r −m+mi)n−1)}
It is evident that
i
(
(−1− i)n−1 − (−1 + i)n−1)
= i
(
(−1− i)(2i)n−22 − (−1 + i)(−2i)n−22 )
=
{
i · (−2i)(2i)n−22 = (−1)n−24 2n2 if 4 | n− 2,
i · (−2)(2i)n−22 = (−1)[n−24 ]2n2 if 4 | n
and
(2(m− r)−m−mi)n−1 − (2(m− r)−m+mi)n−1
= (2r −m−mi)n−1 − (2r −m+mi)n−1.
Now combining all the above we deduce the result.
Putting m = 1, 2 in Theorem 2.4 we deduce the following identities.
Corollary 2.4. (Ramanujan [R]) For n = 2, 4, 6, . . . we have
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n−k2 Bn−k = (−1)[
n−2
4
]n
2
.
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Corollary 2.5. For n = 2, 4, 6, . . . we have
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2 k2 Bn−k = n
2
(
(−1)[n−24 ]2n−22 + (−1)n−22 ).
Corollary 2.6. For n = 2, 4, 6, . . . we have
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2 3k2 Bn−k = n
2
(
(−1)[n−24 ]2 3n2 −2 − (−1)n2 2n−1 + 4Un−1(2, 5)
)
.
Proof. Putting m = 4 in Theorem 2.4 we see that
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n+ 3k2 Bn−k
=
n
2
{
4n−1
(
(−1)[n−24 ]2n2 − 2(−1)n2 )+ 2i((−2− 4i)n−1 − (−2 + 4i)n−1)}.
As
2i
(
(−2− 4i)n−1 − (−2 + 4i)n−1)
= −2ni((1 + 2i)n−1 − (1− 2i)n−1)
= 4 · 2n · 1√
22 − 4× 5
{(2 +√22 − 4× 5
2
)n−1
−
(2−√22 − 4× 5
2
)n−1}
= 2n+2Un−1(2, 5),
the result follows from the above.
Similarly, putting m = 3 in Theorem 2.4 we deduce the following result.
Corollary 2.7. For n = 2, 4, 6, . . . we have
n∑
k=0
4|k−2
(
n
k
)
(−1) k−24 2n− k2 · 3kBn−k = n
2
(
(−1)[n−24 ]2n2 · 3n−1 + 12Un−1(2, 10)
)
.
Theorem 2.5. For n ∈ N we have
n∑
k=1
4|k
(
n
k
)
Bn−k(x)((−1) k4 2 k2−1 − 1)
=
n
8
{
2(x− 1)n−1 − 2xn−1 + (x+ i)n−1 + (x− i)n−1
− (x− 1 + i)n−1 − (x− 1− i)n−1
}
.
9
Proof. From Lemma 2.1 we have
n−1∑
k=0
(
n
k
)
Bk(x)((1± i)n−k − (±i)n−k − (±i)n−k + (±i− 1)n−k)
= n(x± i)n−1 − n(x± i− 1)n−1.
Thus,
2
n−1∑
k=0
2|n−k
(
n
k
)
Bk(x)((i+ 1)
n−k − 2in−k + (i− 1)n−k)
=
n−1∑
k=0
(
n
k
)
Bk(x)(1 + (−1)n−k)((i+ 1)n−k − 2in−k + (i− 1)n−k)
=
n−1∑
k=0
(
n
k
)
Bk(x)((i+ 1)
n−k − 2in−k + (i− 1)n−k
+ (−i+ 1)n−k − 2(−i)n−k + (−i− 1)n−k)
= n(x+ i)n−1 − n(x+ i− 1)n−1 + n(x− i)n−1 − n(x− i− 1)n−1.
As
(2.3)
(i+ 1)2m − 2i2m + (i− 1)2m = (2i)m − 2(−1)m + (−2i)m
=
{
2((−1)m2 2m − 1) if 2 | m,
2 if 2 ∤ m,
from the above we deduce
4
n−1∑
k=0
4|n−k
(
n
k
)
Bk(x)
(
(−1)n−k4 2n−k2 − 1)+ 4 n−1∑
k=0
4|n−k−2
(
n
k
)
Bk(x)
= n
{
(x+ i)n−1 + (x− i)n−1 − (x− 1 + i)n−1 − (x− 1− i)n−1}.
Using Lemma 2.1 we see that
4
n−1∑
k=0
4|n−k
(
n
k
)
Bk(x) + 4
n−1∑
k=0
4|n−k−2
(
n
k
)
Bk(x)
= 4
n−1∑
k=0
2|n−k
(
n
k
)
Bk(x) = 2
n−1∑
k=0
(
n
k
)
Bk(x)(1
n−k − 0n−k − 0n−k + (−1)n−k)
= 2nxn−1 − 2n(x− 1)n−1.
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Therefore
4
n−1∑
k=0
4|n−k
(
n
k
)
Bk(x)
(
(−1)n−k4 2n−k2 − 2)+ 2nxn−1 − 2n(x− 1)n−1
= n
{
(x+ i)n−1 + (x− i)n−1 − (x− 1 + i)n−1 − (x− 1− i)n−1}.
To see the result, we note that
n∑
k=1
4|k
(
n
k
)
Bn−k(x)
(
(−1) k4 2 k2 − 2) = n−1∑
k=0
4|n−k
(
n
k
)
Bk(x)
(
(−1)n−k4 2n−k2 − 2).
Corollary 2.8. For n = 2, 4, 6, . . . we have
n∑
k=1
4|k
(
n
k
)
((−4) k4 − 2)Bn−k = n
2
(
(−1)[n4 ]2n2−1 − 1).
Proof. Note that 2 ∤ n− 1 and
(−1+ i)n−1+(−1− i)n−1 = (−1+ i)(−2i)n−22 +(−1− i)(2i)n−22 = −(−1)[n4 ]2n2 .
Now putting x = 0 in Theorem 2.5 we deduce the result.
3. Recurrence formulas with gaps for Euler polynomials.
Lemma 3.1. For any nonnegative integer n we have
n∑
k=0
(
n
k
)
Ek(x)
(
zn−k + (1 + z)n−k
)
= 2(x+ z)n.
Proof. It is well known that
En(x+ y) =
n∑
k=0
(
n
k
)
En(x)y
n−k and En(x) + En(x+ 1) = 2x
n.
Thus,
n∑
k=0
(
n
k
)
Ek(x)
(
zn−k + (1 + z)n−k
)
= En(x+ z) +En(x+ z + 1) = 2(x+ z)
n.
This is the result.
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Theorem 3.1. For n ∈ N we have
n∑
k=0
4|k
(
n
k
)
(−1) k4 2− k2En−k(x) = 1
2
{(
x− 1
2
+
1
2
i
)n
+
(
x− 1
2
− 1
2
i
)n}
.
Proof. Putting z = 12 (±i− 1) in Lemma 3.1 we obtain
n∑
k=0
(
n
k
)
Ek(x)
(1
2
)n−k(
(±i− 1)n−k + (1± i)n−k) = 2(x+ 1
2
(±i− 1)
)n
.
Thus
n∑
k=0
(
n
k
)
Ek(x)
(1
2
)n−k
×
{
(i− 1)n−k + (1 + i)n−k + (−i− 1)n−k + (1− i)n−k
}
= 2
(
x− 1
2
+
1
2
i
)n
+ 2
(
x− 1
2
− 1
2
i
)n
.
Clearly
(i− 1)n−k + (1 + i)n−k + (−i− 1)n−k + (1− i)n−k
=
(
1 + (−1)n−k)((i− 1)n−k + (1 + i)n−k)
=
(
1 + (−1)n−k)((−2i)n−k2 + (2i)n−k2 )
=
{
2
n−k
2
+2(−1)n−k4 if 4 | n− k,
0 if 4 | n− k − 2.
So
n∑
k=0
4|k
(
n
k
)
En−k(x)
(1
2
)k
(−1) k4 2 k2 +2
=
n∑
k=0
4|n−k
(
n
k
)
Ek(x)
(1
2
)n−k
(−1)n−k4 2n−k2 +2
= 2
{(
x− 1
2
+
1
2
i
)n
+
(
x− 1
2
− 1
2
i
)n}
.
This yields the result.
Corollary 3.1 ([L, (15)]). For n = 2, 4, 6, . . . we have
n∑
k=0
4|k
(
n
k
)
(−4) k4 En−k = (−1)n2 .
Proof. As En = 2
nEn(
1
2
), taking x = 1
2
in Theorem 3.1 we deduce the result.
12
Corollary 3.2. For n = 2, 4, 6, . . . we have
n−1∑
k=0
4|k
(
n
k
)
(−1) k4 2n−k2 (2n−k − 1)Bn−k = (−1)[n4 ]n
2
.
Proof. Taking x = 0 and replacing n with n − 1 in Theorem 3.1 and then
applying (1.4) we deduce the result.
We remark that Corollary 3.2 is equivalent to [S, Corollary 4.1].
Theorem 3.2. For any nonnegative integer n we have
n∑
k=0
4|k
(
n
k
)(
(−1) k4 2 k2−1 + 1)En−k(x)
=
1
4
(
2xn + 2(x− 1)n + (x+ i)n + (x− i)n + (x− 1 + i)n + (x− 1− i)n).
Proof. From Lemma 3.1 we have
n∑
k=0
(
n
k
)
Ek(x)((1± i)n−k+2(±i)n−k+(−1± i)n−k) = 2(x± i)n+2(x−1± i)n.
Thus,
2
n∑
k=0
2|n−k
(
n
k
)
Ek(x)((i+ 1)
n−k + 2in−k + (i− 1)n−k)
=
n∑
k=0
(
n
k
)
Ek(x)(1 + (−1)n−k)((i+ 1)n−k + 2in−k + (i− 1)n−k)
=
n∑
k=0
(
n
k
)
Ek(x)((i+ 1)
n−k + 2in−k + (i− 1)n−k
+ (−i+ 1)n−k + 2(−i)n−k + (−i− 1)n−k)
= 2(x+ i)n + 2(x+ i− 1)n + 2(x− i)n + 2(x− i− 1)n.
As
(i+ 1)2m + 2i2m + (i− 1)2m = (2i)m + 2(−1)m + (−2i)m
=
{
2((−1)m2 2m + 1) if 2 | m,
−2 if 2 | m− 1,
from the above we deduce
4
n∑
k=0
4|n−k
(
n
k
)
Ek(x)
(
(−1)n−k4 2n−k2 + 1)− 4 n∑
k=0
4|n−k−2
(
n
k
)
Ek(x)
= 2
{
(x+ i)n + (x− 1 + i)n + (x− i)n + (x− 1− i)n}.
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Using Lemma 3.1 we see that
4
n∑
k=0
4|n−k
(
n
k
)
Ek(x) + 4
n∑
k=0
4|n−k−2
(
n
k
)
Ek(x)
= 4
n∑
k=0
2|n−k
(
n
k
)
Ek(x) = 2
n∑
k=0
(
n
k
)
Ek(x)(1
n−k + 0n−k + 0n−k + (−1)n−k)
= 2
(
En(x+ 1) + En(x) + En(x) + En(x− 1)
)
= 4xn + 4(x− 1)n.
Therefore
4
n∑
k=0
4|n−k
(
n
k
)
Ek(x)
(
(−1)n−k4 2n−k2 + 2)
= 2
(
(x+ i)n + (x+ i− 1)n + (x− i)n + (x− i− 1)n + 2xn + 2(x− 1)n).
Replacing k with n− k in the above formula we derive the result.
Theorem 3.3. For any nonnegative integer n we have
4En(x) + 3
[n/6]∑
k=1
(
n
6k
)
En−6k(x)
= xn + (x− 1)n + (−1)nVn(1− 2x, x2 − x+ 1).
Proof. Taking z = ω, ω2 in Lemma 3.1 we see that
n∑
k=0
(
n
k
)
Ek(x)
(
ωn−k + (1 + ω)n−k
)
= 2(x+ ω)n
and
n∑
k=0
(
n
k
)
Ek(x)
(
ω2(n−k) + (1 + ω2)n−k
)
= 2(x+ ω2)n.
Hence
n∑
k=0
(
n
k
)
Ek(x)
(
ωn−k + ω2(n−k) + (−ω2)n−k + (−ω)n−k)
= 2(x+ w)n + 2(x+ ω2)n.
Since
ωn−k + ω2(n−k) + (−ω2)n−k + (−ω)n−k
= (1 + (−1)n−k)(ωn−k + ω2(n−k)) =


0 if 2 ∤ n− k,
4 if 6 | n− k,
2(ω + ω2) = −2 if 6 | n− k ± 2,
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we see that
6
n∑
k=0
6|n−k
(
n
k
)
Ek(x)− 2
n∑
k=0
2|n−k
(
n
k
)
Ek(x)
=
n∑
k=0
(
n
k
)
Ek(x)(1 + (−1)n−k)(ωn−k + ω2(n−k))
= 2(x+ ω)n + 2(x+ ω2)n.
That is,
6
n∑
k=0
6|k
(
n
k
)
En−k(x)− 2
n∑
k=0
2|k
(
n
k
)
En−k(x) = 2(x+ ω)
n + 2(x+ ω2)n.
By Lemma 3.1 we have
2En(x) + 2
n∑
k=0
2|n−k
(
n
k
)
Ek(x) =
n∑
k=0
(
n
k
)
Ek(x)(0
n−k + 1n−k + (−1)n−k + 0n−k)
= 2xn + 2(x− 1)n.
Thus,
n∑
k=0
2|k
(
n
k
)
En−k(x) =
n∑
k=0
2|n−k
(
n
k
)
Ek(x) = x
n + (x− 1)n − En(x).
Hence,
6
[n/6]∑
k=0
(
n
6k
)
En−6k(x)
= 2
[n/2]∑
k=0
(
n
2k
)
En−2k(x) + 2(x+ ω)
n + 2(x+ ω2)n
= 2xn + 2(x− 1)n − 2En(x) + 2(x+ ω)n + 2(x+ ω2)n.
Therefore,
4En(x) = x
n + (x− 1)n + (x+ ω)n + (x+ ω2)n − 3
[n/6]∑
k=1
(
n
6k
)
En−6k(x).
To see the result, we note that
(−1)n((x+ ω)n + (x+ ω2)n) = (1− 2x−√−3
2
)n
+
(1− 2x+√−3
2
)n
=
(1− 2x+√(1− 2x)2 − 4(x2 − x+ 1)
2
)n
+
(1− 2x−√(1− 2x)2 − 4(x2 − x+ 1)
2
)n
= Vn(1− 2x, x2 − x+ 1).
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Note that En = 2
nEn(
1
2
). Putting x = 1
2
in Theorem 3.3 we deduce (1.6).
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